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1. y²

min
x∈Rn

f(x) ⇐⇒ min
x∈Rn,t∈R

{t ∣ t − f(x) ⩾ 0}.

): x ∗�Ã�å`z¯Kmin
x∈Rn

f(x)��`),��=�é?¿�x ∈ Rn, f(x)−f(x ∗) ⩾

0. ¤±`z¯K

min{t ∣ t − f(x) ⩾ 0}

��`��f(x ∗). =

f(x ∗) = min{t ∣ t − f(x) ⩾ 0}.

2. �:�{x k}Q-��5Âñ�x ∗, K

lim
k→∞

∥x k+1 − x k∥
∥x k − x ∗∥

= 1.

): �:�{x k}Q-��5Âñ�x ∗, K

lim
k→∞

∥x k+1 − x ∗∥
∥x k − x ∗∥

= 0.

l
dn�Ø�ª,

lim
k→∞

∥x k+1 − x k∥
∥x k − x ∗∥

⩽ lim
k→∞

∥x k+1 − x ∗∥ + ∥x k − x ∗∥
∥x k − x ∗∥

= lim
k→∞

∥x k − x ∗∥
∥x k − x ∗∥

= 1.

,��¡,

lim
k→∞

∥x k+1 − x k∥
∥x k − x ∗∥

⩾ lim
k→∞

∥x k+1 − x ∗∥ − ∥x k − x ∗∥
∥x k − x ∗∥

= lim
k→∞

∥x k − x ∗∥
∥x k − x ∗∥

= 1.

üª(Ü�·K(Ø. y.
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3. ^ã){¦eã`z¯K��`):

min{x1 + x2 ∣ x2
1 + x2

2 ≤ 2}

): �âmã, T`z¯K��`)�

x∗1 = x∗2 = −1. y. z = x + y

x

y

(−1,−1)

O

4. �a ∈ Rn, κ > 0, ∥a∥ > 1. Á¦)`z¯K

min ∥x∥

s.t ∥x∥ − a⊺x + κ ⩽ 0

): dCauchy-ScwarzyØ�ª, éÓ��Ý�x , x�aÓ��, −a⊺x������,

x���������. �T`z¯K��`)÷vx = ta , Ù¥, t > 0�½. �þã`z

¯Kz�

min t∥a∥

s.t t∥a∥ − t∥a∥2 + κ ⩽ 0

=

min t∥a∥

s.t t ⩾ κ

∥a∥2 − ∥a∥
w,, Ù�`)�t∗ = κ

∥a∥2−∥a∥ . ù�, �¯K��`)�

x ∗ = t∗a = κa

∥a∥2 − ∥a∥
.

5. �Ý
Σé¡�½, a ,x 0 ∈ Rn, ρ > 0. ^)Û{¦)`z¯K

max aTx

s.t. (x − x 0)TΣ(x − x 0) ⩽ ρ
): dK�, Ý
Σ��¤

Σ = Σ
1
2 Σ

1
2 .
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-y = Σ
1
2 (x − x 0). Kx = x 0 +Σ− 1

2y . l
�`z¯K��¤

max aTx 0 + aTΣ− 1
2y

s.t. ∥y∥2 ⩽ ρ
dCauchy-SchwartzØ�ª�,

aTΣ− 1
2y ⩽ ∥Σ− 1

2a∥∥y∥,

�3y = ρ

∥Σ−
1
2 a∥

Σ− 1
2a��Ò¤á, =8I¼ê����. dd, þã`z¯K��`��

aTx 0 + aTΣ− 1
2
ρΣ− 1

2a

∥Σ− 1
2a∥

= aTx 0 + ρ∥Σ− 1
2a∥

6. �a ∈ Rn, ρ > 0, Ý
Σ0 ≻ 0(é¡�½). Á^)Û{¦)Xe`z¯K

max
Σ≻0

aTΣa

s.t. ∥Σ −Σ0∥F ⩽ ρ

): -Σ = Σ0 +∆Σ. Kþã�å`z¯K�=z�

max aTΣ0a + aT∆Σa

s.t. ∥∆Σ∥F ⩽ ρ

Ñ�~ê��

max aT∆Σa

s.t. ∥∆Σ∥F ⩽ ρ
|^aTΣa = ⟨Σ,aaT⟩ÚCauchy-SchwartzØ�ª,

aT∆Σa = ⟨∆Σ,aaT⟩ ⩽ ∥∆Σ∥F∥aaT∥F.

ùp, ⟨A,B⟩L«Ó�Ý
A,BéA���¦È�Ú.

du∥∆Σ∥F ⩽ ρ. w,, 3∆Σ�Ý
aaTÓ��, Ø�ª��Ò, �3∥∆Σ∥F = ρ�, Ø

�ª�ý����. �Ä��å^�, þã`z¯K��`)�

Σ∗ = Σ0 +∆Σ = Σ0 + ρ
aaT

∥a∥2

?
þã`z¯K��`��

aTΣ∗a = aTΣ0a + ρaTa .
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1. (1) �x, y ⩾ 0, α ∈ (0,1). y²xαy1−α ⩽ αx + (1 − α)y.

(2) �xi > 0, i = 1,2,⋯, n. y²

n

∑
i=1

xi
n

∑
i=1

1

xi
⩾ n2,

��Ò¤á�¿©7�^�´¤k�xiÑ��.

): (1) �f(x) = − lnx,x > 0. N´�y, f(x)'ux ∈ (0,∞)�à¼ê. ¤±, é

?¿�x, y ∈ (0,∞)Úα ∈ (0,1),

f(αx + (1 − α)y) ⩽ αf(x) + (1 − α)f(y).


ù�g�du

− ln(αx + (1 − α)y) ⩽ −α lnx − (1 − α) ln y

⇔ α lnx + (1 − α) ln y ⩽ ln(αx + (1 − α)y)

⇔ lnxα + ln y1−α ⩽ ln(αx + (1 − α)y).

|^éê¼ê�üN5�,

xαy1−α ⩽ αx + (1 − α)y.

·K(Ø�y.

(2)�f(x) = x+ 1
x , x > 0. Kf(x)'ux ∈ (0,∞)�à¼ê. l
é?¿�x1, x2,⋯, xn ∈

(0,∞),

f (x1 + x2 +⋯ + xn
n

) ⩽ f(x1) + f(x2) +⋯ + f(xn)
n

.

4
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ù�g�du
n

∑
j=1

xj/n +
n
n

∑
j=1
xj

⩽
n

∑
j=1

(xj +
1

xj
)/n

⇔ 1

n

n

∑
j=1

xj +
n
n

∑
j=1
xj

⩽ 1

n

n

∑
j=1

xj +
1

n

n

∑
j=1

1

xj

⇔ n
n

∑
j=1
xj

⩽ 1

n

n

∑
j=1

1

xj

⇔
n

∑
i=1

xi
n

∑
i=1

1

xi
≥ n2.

Ù¥§“=”¤á�¿©7�´x1 = x2 = ⋯ = xn. y.

2. ^Cauchy-SchwarzØ�ªy²

∥x∥1 ⩽
√
n∥x∥2, ∀ x ∈ Rn.

): é x = (x1;x2;⋯;xn), 1 = (1; 1;⋯; 1), ∣x∣ = (∣x1∣; ∣x2∣;⋯; ∣xn∣), dCauchy-

SchwarzØ�ª,

∥x∥1 = 1T∣x∣ ⩽ ∥1∥2∥x∥2 =
√
n∥x∥2. y.

3. y²¼êf ∶ Rn → R�à¼ê�¿©7�^�´Ùþã

epif = {(x,α) ∣ x ∈ Rn, α ⩾ f(x)}

�à8.

): 7�5. é?¿� (x1, α1), (x2, α2) ∈ epif Úλ ∈ [0,1],

f(x1) ⩽ α1, f(x2) ⩽ α2.

d f(x) �à¼ê�

f(λx1 + (1 − λ)x2) ⩽ λf(x1) + (1 − λ)f(x2) ⩽ λα1 + (1 − λ)α2.

l
,

λ(x1, α1) + (1 − λ)(x2, α2) = (λx1 + (1 − λ)x2, λα1 + (1 − λ)α2) ∈ epif.
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¿©5µé?¿� x1, x2 ∈ Rn Ú λ ∈ [0,1], w,k

(x1, f(x1)), (x2, f(x2)) ∈ epif.

dþã´à8, K

(λx1 + (1 − λ)x2, λf(x1) + (1 − λ)f(x2)) = λ(x1, f(x1)) + (1 − λ)(x2, f(x2)) ∈ epif.

�Ò´

f(λx1 + (1 − λ)x2) ⩽ λf(x1) + (1 − λ)f(x2). y.

4. ?Øda1,a2,⋯,am ∈ Rn¤)¤�à�!���!f�m�m�'X.

): é�þ|a1,a2,⋯,am ∈ Rn, Ùõ¡��

A1 = co {a1, a2,⋯, am} = {
m

∑
j=1

λjaj ∣
m

∑
j=1

λj = 1, λj ⩾ 0, j = 1,2,⋯,m}.

��8�

A2 = aff {a1, a2,⋯, am} = {
m

∑
j=1

λjaj ∣
m

∑
j=1

λj = 1, λj ∈ R, j = 1,2,⋯,m}.

f�m�

A3 = span {a1, a2,⋯, am} = {
m

∑
j=1

λjaj ∣ λj ∈ R, j = 1,2,⋯,m}.

§�nö�m�'XXe: õ¡�A1�k.4à8, ��8A2��f�m(�

�����8Ü, §�¹õ¡�A1. XJT�þ|�5Ã', KT�þ|)¤��

�f�m��ê�m − 1, ¦�)¤�f�m��ê�m.

5. �A ∈ Rm×n,b ∈ Rn. y²eãü�5XÚTÐ��k).

(1) Ax ⩾ 0, bTx > 0, x ⩾ 0;

(2) ATy ⩾ b, y ⩽ 0.

): w,, XÚ(1)ª�du

(A
I

)x ⩾ 0, bTx > 0.
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dFarkasÚn,

FarkasÚn �A ∈ Rn×m, b ∈ Rn, KeãüXÚTk��k).

(1) ATx ⩾ 0, bTx < 0;

(2) Ay = b, y ⩾ 0.

þãXÚk)�dueãXÚÃ)

(AT I )y = −b, y ⩾ 0.

�Ò´XÚATy ⩽ −b, y ⩾ 0Ã). �=XÚATy ⩾ b, y ⩽ 0Ã). y.

6. �S�Rn�4à8. e�3x 0 ∈ SÚd ∈ Rn,¦é?¿�α ⩾ 0,þkx 0+αd ∈ S,

Ké?¿�x ∈ SÚβ ⩾ 0, þkx + βd ∈ S.

): dK�, é?¿�x ∈ S, λ ∈ (0,1) Út, α > 0,

λx 0 + (1 − λ)x + tλαd ∈ S.

-λ = 1
α → 0, ¿|^8Ü�45�, x + td ∈ S. y.

7. �¼ê¼êf, g ∶ Rn → R��gàg¼ê. K8Ü

M= {(f(x), g(x)) ∣ x ∈ Rn}

�à8.

): �u = (uf ,ug),v = (v f ,v g). eùü:�ë�L�:, Kd¼ê�àg5

�, [u ,v] ⊂M. ·K(Ø�y. ÄK, �3x u ,x v ∈ Rn¦�

uf = f(x u), ug = g(x u); v f = f(x v), v g = g(x v).

�y·K(Ø, �Iy�3λ ∈ [0,1]¦�x λ÷v

(f(x λ), g(x λ)) = (1 − λ)u + λv.

�d-

x λ = ρ(x u cos θ + x v sin θ),
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Ù¥θ ∈ [−π2 ,
π
2 ], ρ > 0�½.

|^¼ê��gàg5, òÙ�\þª�

ρ2f(x u cos θ + x v sin θ) = (1 − λ)uf + λv f ,

ρ2g(x u cos θ + x v sin θ) = (1 − λ)ug + λv g.

üª�Ø, )�

λ(θ) =
ugf(x u cos θ + x v sin θ) − ufg(x u cos θ + x v sin θ)

(ug − v g)f(x u cos θ + x v sin θ) − (uf − v f)g(x u cos θ + x v sin θ)

d¼êf, g���gàg5, þª¥�©1'ucos θÚsin θ��g¼ê, Ïd�

P�

T (θ) = a cos2 θ + b sin2 θ + 2c cos θ sin θ.

dT (0) = T (±π2 ) = v fug − v guf ≜ d�, a = b. Ø��d = v fug − v guf > 0. K

T (θ) = d + 2c cos θ sin θ.

w,, ec ⩾ 0, K

T (θ) = d + 2c cos θ sin θ > 0, ∀θ ∈ [0, π
2
];

ÄKec < 0, K

T (θ) = d + 2c cos θ sin θ > 0, ∀θ ∈ [−π
2
,0].

Ø��c�«�¹¤á. Kλ(θ)3[0, π2 ]þk½ÂëY. l
dλ(0) = 0Úλ(π2 ) =

1��3θ ∈ [0, π2 ]¦�λ(θ) ∈ [0,1]÷vK�^�, (Ø�y.

8.(S-Ún) é�g¼êf, g ∶ Rn → R, ��3x̄ ∈ Rn¦�g(x̄) < 0. Á/ÏþK(

ØÚà8©l½ny²eãü(Ø�d

(1) Ø�3x ∈ Rn÷vf(x) < 0, g(x) ⩽ 0;

(2) �3µ ⩾ 0¦é?¿�x ∈ Rn, ¤áf(x) + µg(x) ⩾ 0.

): w,, e(2)¤á, K(1)¤á. ��Iy²(1)⇒(2).
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Äk�f, g��gàg¼ê. KdþK(Ø, 8Ü

M= {(f(x), g(x)) ∣ x ∈ Rn}

�à8. dK�, 8ÜM�à8C = {(u1, u2) ∣ u1 < 0, u2 ⩽ 0}Ø��. dà8©l½n,

�3�"êλ1λ2¦�

λ1u1 + λ2u2 ⩽ 0, ∀(u1, u2) ∈ C; λ1f(x) + λ2g(x) ⩾ 0, ∀x ∈ Rn.

du(−1,0), (−ε,−1) ∈ C, �λ1, λ2 ⩾ 0. ?�Ú, dK�, �3x̄ ∈ Rn¦�g(x̄) < 0,

í�λ1 > 0. dd, -λ = λ2
λ1

, =dþª�·K(Ø.

e?Øf, g��g�àg¼ê��/. 3dØ��x̄ = 0. ÄK�ÏL�5²£

C�¢y. Ø��¼ê/ª�

f(x) = x ⊺Afx + b⊺fx + cf , g(x) = x ⊺Agx + b⊺gx + cg.

dd½Â�gàg¼ê

f̃(x , τ) = x ⊺Afx + τb⊺fx + cfτ 2, g̃(x , τ) = x ⊺Agx + τb⊺gx + cgτ 2.

N´�y, f̃ , g̃÷v(1), �g̃(0,1) < 0. ù�dfy²�(Ø, �(2)¤á.

9. O�:x ∈ Rn�4à8S ⊂ Rn�ål¼ê

dS(x) = min
y∈S

∥y − x∥

�gFÝ.

): N´�y, dS(x)'ux ∈ S�à¼ê. e©�¹?Ø.

(1)ex ∉ S,KdS(x) > 0. w,, dS(x)�:x�Sþ�ÝK�m�ål. ddS(x)�

ëY5, dS(x)3T:ëY��. l
dóª{K,

∇dS(x) = ∇
√
d2
S(x) =

∇d2
S(x)

2dS(x)
. (1)

dd, �O�∇dS(x) e¦∇d2
S(x).
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PPS(x)�x3Sþ�ÝK, ¿é?¿�¿©��h ∈ Rn, P

△ = d2
S(x + h) − d2

S(x).

�â½Â,

d2
S(x) ⩽ ∥x − PS(x + h)∥2.

¤±,

△ = d2
S(x + h) − d2

S(x)
⩾ ∥x + h − PS(x + h)∥2 − ∥x − PS(x + h)∥2

= ∥h∥2 + 2hT(x − PS(x + h)).

|^ÝK�f��*Ü5

∥PS(x + h) − PS(x)∥ ⩽ ∥h∥

�
△ ⩾ ∥h∥2 + 2hT(x − PS(x + h)) ⩾ ∥h∥2 + 2hT(x − PS(x)) − o(∥h∥)

= 2hT(x − PS(x)) + o(∥h∥).
(2)

,��¡, d

d2
S(x + h) ⩽ ∥x + h − PS(x)∥2

�
△ = d2

S(x + h) − d2
S(x)

⩽ ∥x + h − PS(x)∥2 − ∥x − PS(x)∥2

= ∥h∥2 + 2hT(x − PS(x)).

(Ü(2)�

△ = 2hT(x − PS(x)) + o(∥h∥).

l


∇d2
S(x) = 2(x − PS(x)).

�\(1)�

∇dS(x) = (x − PS(x))
∥x − PS(x)∥

.
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(2) ex ∈ int(S), KdS(x) = 0, �é?¿�¿©��h ∈ Rn, dS(x + h) = 0. Ï

d∇dS(x) = 0.

(3) ex ∈ bd(S). Ké?¿�ξ ∈ ∂dS(x), dgFÝ�½Â,

dS(y) − dS(x) = dS(y) ⩾ ξT(y − x), ∀y ∈ Rn.

�y ∈ S, K

0 = dS(y) ⩾ ξT(y − x), ∀y ∈ S.

ù`², ξ ∈ NS(x), =∂dS(x) ⊂ NS(x).

�y = x + ξ. K

∥ξ∥2 = ξT(y − x) ⩽ dS(x + ξ) ⩽ ∥x + ξ − x∥ = ∥ξ∥.

ù`²∥ξ∥ ⩽ 1.

(Üc¡�?Ø�,

∂dS(x) ⊂ NS(x) ∩B(0,1). (3)

ey���¹ª¤á.

�ξ ∈ NS(x) ∩B(0,1). é?¿�y ∈ Rn,

ξT(y − x) = ξT(y − PS(y)) + ξT(PS(y) − x).

,��¡, d4INS(x)�½Â,

ξT(PS(y) − x) ⩽ 0.

=

ξTPS(y) ⩽ ξTx .

¤±, d∥ξ∥ ⩽ 1�

ξT(y − x) ⩽ξT(y − PS(y)) ⩽ ∥ξ∥∥y − PS(y)∥

⩽∥y − PS(y)∥ = dS(y) = dS(y) − dS(x).
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ù`²ξ ∈ ∂dS(x). dξ ∈ NS(x) ∩B(0,1)�?¿5,

NS(x) ∩B(0,1) ⊂ ∂dS(x).

(Ü(3)ª�

∂dS(x) = NS(x) ∩B(0,1).

nþ¤ã�,

∂dS(x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0, x ∈ int(S);
NS(x) ∩B(0,1), x ∈ bd(S);
x − P (x)

∥x − PS(x)∥
, x ∉ S.

10. O�4à8S ⊂ Rn�«5¼ê

δS(x) = {0, e x ∈ S
∞,e x ∉ S

�gFÝ.

): N´�y, «5¼ê´à¼ê. e¡?ØÙgFÝ.

(1) ex ∈ int(S), Kéu?¿�h ∈ Rn, ��∥h∥ > 0¿©�, okx + h ∈ S. Ïd

△ = δS(x + h) − δS(x) ≡ 0.

¤±, «5¼êδS(x)3T:��Sð�~ê, =∇δS(x) = 0.

(2) ex ∈ bdS. é?¿�ξ ∈ ∂δS(x), �âgFÝ�½Â,

δS(y) − δS(x) = δS(y) ⩾ ξT(y − x), ∀y ∈ Rn.

-y ∈ S�

0 = δS(y) ⩾ ξT(y − x).

ù`², ξ ∈ NS(x), =«5¼ê3T:�gFÝáu8Ü3T:�4I, ∂δS(x) ⊂

NS(x).

(3) ex ∉ S. é?¿�ξ ∈ ∂δS(x), �âgFÝ�½Â,

δS(y) − δS(x) ⩾ ξT(y − x), ∀y ∈ Rn.
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-y ∈ S�

δS(y) − δS(x) = −∞ ⩾ ξT(y − x).

ù`², «5¼ê3T:Ø�3gFÝ, =∂dS(x) = Φ.

nþ¤ã�,

∂δS(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

0, e x ∈ int(S);
⊂ NS(x),e x ∈ bd(S),
Φ, e x ∉ S.

y.
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1. �b ∈ Rn, Ý
Q ∈ Rn×né¡�½. Á¦eã`z¯K��`)Ú�`�

max{bTx ∣ xTQx ≤ 1}

¿|^T(Jy²é?¿�x ,y ∈ Rnk,

(xTy)2 ⩽ (xTQx)(yTQ−1y).

): duQé¡�½, ��±©)¤�ÛÉÝ
BÚBT�¦È, =Q = BTB .

-y =Bx , Kx =B−1y , �¯Kz�

max{bTB−1y ∣ yTy ≤ 1}

�Ò´

max{(B−Tb)Ty ∣ yTy ≤ 1}

dCauchy-SchwarzØ�ª�, þã¯K��`)�y∗ = B−Tb
∥B−Tb∥ . l
�¯K��`)

�

x ∗ =B−1y∗ = B−1B−Tb

∥B−Tb∥
= Q−1b√

bTQ−1b
.

,	,

(xTy)2 =yTxxTy = ⟨xxT,yyT⟩ ,

= ⟨xxT,QQ−1yyT⟩ = ⟨xxTQ ,Q−1yyT⟩ ,

≤∥xxTQ∥F ∥Q−1yyT∥F = tr (xxTQ) tr (Q−1yyT) ,

=(xTQx) (yTQ−1y) .

1�Ü©�y. y.

2. Á3R3¥(½�ÏL:(3; 4; 5)�²¡, ¦Ù��K��¥�n��I¡�

¤�o¡N�NÈ��.

): n�îª�m¥L:(3,4,5)�²¡�§�L«�

a(x − 3) + b(y − 4) + c(z − 5) = 0,

14



15

Ù¥�¦þ(a, b, c)�T²¡�?�{�þ. N´O�T²¡3�I¶þ��å©O

�

x0 =
3a + 4b + 5c

a
, y0 =

3a + 4b + 5c

b
, z0 =

3a + 4b + 5c

c
.

�âo¡N�NÈúª, T²¡Ú�I¶�¤�o¡N�NÈ�

V = 1

6
x0y0z0 =

(3a + 4b + 5c)3

6abc
,

Ù¥abc ≠ 0. l
, �¯K�z�Xe`z¯K

min
a,b,c

(3a + 4b + 5c)3

6abc

�âÃ�å`z¯K��`5^�,òþã¼ê'ua, b, c©O¦�¿-��"

�
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

9a − (3a + 4b + 5c) = 0,

12b − (3a + 4b + 5c) = 0,

15c − (3a + 4b + 5c) = 0.

z{�
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

6a − 4b − 5c = 0,

8b − 3a − 5c = 0,

10c − 3a − 4b = 0.

�n�

3a = 4b = 5c.

dd�¦�NÈ���L:(3,4,5)�²¡�§�{�þ�(1/3,1/4,1/5). �\NÈ

úª�NÈ=270. y.

3. �A ∈ Rm×n, b ∈ Rm. Á�ÑÃ�å`z¯K

min
x∈Rn

∥Ax − b∥2

����`5^�, ¿�yT^�´Ä´¿©�. §��`)��í?

): T`z¯K����`5^��

∇x∥Ax − b∥2 =AT(Ax − b) = 0.
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du∇2∥Ax −b∥2 =ATA��½,�∥Ax −b∥2'ux ∈ Rn�à¼ê,¤±÷vAT(Ax −

b) = 0�x�´`z¯K��`), =T�`5^�´¿©�. AO/, �ATA�½

�, �`)��. y.

4. �a1,a2,⋯,am ∈ Rn. ¦eã¯K��`)

min
x∈Rn

m

∑
i=1

∥a i − x∥2

): éT`z¯K, d���`5^�, �`)÷v

m

∑
i=1

(a i − x ∗) = 0.

d=�`)�

x ∗ = 1

m

m

∑
i=1

a i. y.

5. �a ∈ Rn, λ > 0. Á|^8I¼ê��©l5��ÑXe`z¯K��`)

min
x∈Rn

1

2
∥x − a∥2 + λ∥x∥1 min

x∈Rn
λ∥x∥1 − aTx

): c�`z¯K�du

n

∑
i=1

(min
x i∈R

1

2
(xi − ai)2 + λ∣xi∣)

ù�, �¦)�¯K, �I¦)Xef¯K

min
x i∈R

1

2
(xi − ai)2 + λ∣xi∣ (1.6.2)

éd, ·�©�¹?Ø.

(1) ai ⩾ 0. w,, Tf¯K��`)�K, =Tf¯K�du

min
xi⩾0

1

2
(xi − ai)2 + λxi

|^`z¯K��`5^�, þã¯K��`)�

x∗i = {ai − λ, e ai > λ;

0, e ai ⩽ λ.

(2) eai < 0, Kf¯K��`)��. Tf¯K�z�

min
xi⩽0

1

2
(xi − ai)2 − λxi.
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|^`z¯K��`5^�, Tf¯K��`)�

x∗i = {0, e ai ⩾ −λ;

ai + λ, e ai < −λ.

Ú\ÎÒ¼ê

sgn(ai) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1, e ai > 0;

0, e ai = 0;

−1,e ai < 0.

K¯K��`)�

x∗i = {0, e ∣ai∣ < λ
ai − sgn(ai)λ,e ∣ai∣ > λ

= sgn(ai)(∣ai∣ − λ)+.

dd��¯K��`).

é��`z¯K, k�ÄXe��`z¯K

min
x∈R

λ∣x∣ − ax

ea ≥ 0, K�`)x∗ ≥ 0, l
�¯K��¤

min
x≥0

(λ − a)x

w,, T¯K��`)�

x∗ =
⎧⎪⎪⎨⎪⎪⎩

+∞, XJλ < a,
0, XJλ ≥ a.

l
, �`�

min
x≥0

(λ − a)x =
⎧⎪⎪⎨⎪⎪⎩

−∞, XJλ < a,
0, XJλ ≥ a.

ea ≤ 0, K�`)x∗ ≤ 0, l
�¯K��¤

min
x≤0

−(λ + a)x

w,, T¯K��`)�

x∗ =
⎧⎪⎪⎨⎪⎪⎩

−∞, XJλ < −a,
0, XJλ ≥ −a.
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l
, �`�

min
x≤0

−(λ + a)x =
⎧⎪⎪⎨⎪⎪⎩

−∞, XJλ < −a,
0, XJλ ≥ −a.

nþ¤ã, `z¯K

min
x∈Rn

λ∣x ∣1 − aTx =
⎧⎪⎪⎨⎪⎪⎩

−∞, XJλ < ∥a∥∞,
0, XJλ ≥ ∥a∥∞.
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1. �¼êf ∶ Rn → RëY��, d ∈ Rn�T¼ê3:x ∈ Rn�eü��. Áïá

¼êφ(α) = f(x + αd)3α ⩾ 0þ����:�7�^�, ¿?Ø3�o^�eT^

�´¿©�.

): dud�:x ∈ Rn�eü��, �

f ′α(x + αd)∣α=0 = dT∇f(x) < 0.

ù`², f(x + αd)'uα > 0����:÷vα∗ ∈ (0,∞).

dÃ�å`z¯K��`5^�, ¼êφ(α) = f(x + αd)'uα > 0����:

÷v

f ′α(x + αd) = dT∇f(x + αd) = 0.

XJ¼êf(x + αd)'uα�à¼ê, Kþã^�´¿©�. y.

2. ¦î�à�g¼êf(x) = 1

2
xTAx + bTx3x k:÷eü��dk��`Ú�.

e�dk = −gk, ÁO�8I¼ê3z�S�Ú�eüþ.

): d�`Ú��½Â,

αk = arg min
α≥0

f(x k + αdk).

Kd

dT
k∇f(x k + αdk) = dT

k [A(x k + αdk) + b] = 0

��`Ú�

αk =
−gT

k dk

dT
kAdk

,

Ù¥, gk =Ax k + b.

e dk = −gk, K αk =
gT
k gk

gT
k
Agk

. l
,

f(x k + αkdk) =f(x k − αkgk)

=1

2
(x k − αkgk)TA(x k − αkgk) + bT(x k − αkgk)

=1

2
xT
kAx k + bTx k − αkgT

kAx k +
1

2
α2
kg

T
kAgk − αkbTgk

=f(x k) − αkgT
kAx k +

1

2
α2
kg

T
kAgk − αkbTgk.

19
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dd,8I¼ê3TS�Ú�eüþ�

f(x k + αkdk) − f(x k) = − αkgT
kAx k +

1

2
α2
kg

T
kAgk − αkbTgk

= −
gT
k gk

gT
kAgk

gT
kAx k +

1

2
(

gT
k gk

gT
kAgk

)
2

gT
kAgk −

gT
k gk

gT
kAgk

bTgk

= −
gT
k gk

gT
kAgk

[gT
kAx k −

1

2
gT
k gk + bTgk]

= −
gT
k gk

gT
kAgk

1

2
gT
k gk = −

1

2

∥gk∥4

gT
kAgk

.

y.
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SK

1. y²Úî�{éuî�à�g¼ê�gS�=��T¼ê��Û�`�:.

): éî�à�g¼ê� f(x) = 1
2x

TAx + bTx + c, Ù¥ Aé¡�½,

gk = ∇f(x k) =Ax + b, dNk = −A−1gk.

éÐ©: x 0, S�L§�

d 1 = −A−1g0 = −A−1 (Ax 0 + b) = −x 0 −A−1b ;

x 1 =x 0 + d 1 = −A−1b.

l
, g1 = −AA−1b + b = 0. x 1�à¼ê�­½:, �{ª�. y.

2. �f ∶ Rn → R�ëY��¼ê, Bk�n�é¡�½Ý
. �Ädeãúª�)

|¢��

Bkdk = −gk

�eü�{. ©ÛBk�ØÓ�{é�{Âñ�Ý�K�.

): �Ä|¢���eü5

f(x k + αdk) =f(x k) + α∇f(x k)Tdk + o(α∥dk∥)

=f(x k) + αgT
kB

−1
k gk + o(α∥dk∥) ≤ f(x k).

e Bk = I ,KT|¢�����eü��,Âñ�Ý�õ��5�;eBk =Gk,

8I¼êf(x) 34�:? Lipschitz ëY, K�{��Âñ. y.

21
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SK

1. �Ý
A ∈ Rn×né¡�½, �þ|d 1,d 2,⋯,dn'uÝ
A�Ý. Áy²:

(1) é?¿�x ∈ Rn, x =
n

∑
i=1

dT
i Ax

dT
i Ad i

d i;

(2) A−1 =
n

∑
i=1

d id
T
i

dT
i Ad i

.

): (1) d�þ|d 1,d 2,⋯,dn'uÝ
A�Ý�, d 1,d 2,⋯,dn ∈ Rn �5Ã'.

�é?¿�x ∈ Rn, �3ê| α1, α2,⋯, αn ¦�

x =
n

∑
i=1

αid i.

l


⟨x ,Ad j⟩ = ⟨
n

∑
i=1

αid i,Ad j⟩ =
n

∑
i=1

αi ⟨d i,Ad j⟩ = αjdT
j Ad j, j = 1,2,⋯, n.

dd,

αj =
⟨x ,Ad j⟩
dT
j Ad j

=
dT
j Ax

dT
j Ad j

, j = 1,2,⋯, n.

�=

x =
n

∑
i=1

dT
i Ax

dT
i Ad i

d i.

(2)�A−1 = (a1,a2,⋯,an) , a j ∈ Rn, j = 1,2,⋯, n. KdI =AA−1 = (Aa1,Aa2,⋯,Aan)

�Aa j = ej, j = 1,2,⋯, n, Ù¥ ej ∈ Rn L«1 j �ü �þ.

d(1)�,

a j =
n

∑
i=1

dT
i Aa j

dT
i Ad i

d i =
n

∑
i=1

dT
i ej

dT
i Ad i

d i =
n

∑
i=1

(d i)j
dT
i Ad i

d i.

l

A−1 = (a1,a2,⋯,an)

= (
n

∑
i=1

d i1

dT
i Ad i

d i,
n

∑
i=1

d i2

dT
i Ad i

d i,⋯,
n

∑
i=1

d in

dT
i Ad i

d i)

=
n

∑
i=1

d i

dT
i Ad i

(d i1,d i2,⋯,d in) =
n

∑
i=1

d id
T
i

dT
i Ad i

.

y.

22
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2. 3�ÝFÝ{�S��ª¥, eëêβdD-Yúª(½, KÃØæ^Û«Ú�

5K�)e�S�:Ñk

βk =
dT
k+1gk+1

dT
k gk

.

): k�ÑDY�ÝFÝ{e�S��ª

dk+1 = −gk+1 + βkdk, βk =
gT
k+1gk+1

dT
k (gk+1 − gk)

.

w,,

gk+1 = βkdk − dk+1.

l
dβk�S�úª,

βkd
T
k (gk+1 − gk) = gT

k+1gk+1 = (βkdk − dk+1)T
gk+1.

Ðm�

−βkdT
k gk = −dT

k+1gk+1.

�n�

βk =
dT
k+1gk+1

dT
k gk

. y.

3. érWolfeÚ�5Ke��ÝFÝ{(0 < σ1 < σ2 <
1

2
), e∣βk∣ ⩽ βFRk , K

− 1

1 − σ2

⩽
gT
k dk

∥gk∥2
⩽ 2σ2 − 1

1 − σ2

.

): k�Ñëêβ�F-Rúª

βFRk =
gT
k+1gk+1

gT
k gk

.

e^êÆ8B{y².

�k = 0�, d 0 = −g0. K
gT
k dk

∥gk∥2
= −1.

l
dσ ∈ (0,1/2)�,

− 1

1 − σ2

⩽
gT
k dk

∥gk∥2
= −1 ⩽ 2σ2 − 1

1 − σ2

.
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�(Øék¤á, =

− 1

1 − σ2

⩽
gT
k dk

∥gk∥2
⩽ 2σ2 − 1

1 − σ2

.

Ké?¿� ∣βk∣ ≤ βFRk = ∥gk+1∥2/∥gk∥2, ddk+1 = −gk+1 + βkdk�

gT
k+1dk+1

∥gk+1∥2
= −1 + βk

gT
k+1dk

∥gk+1∥2
.

l


∣
gT
k+1dk+1

∥gk+1∥2
+ 1∣ = ∣βk∣

∣gT
k+1dk∣

∥gk+1∥2
⩽ βFRk

∣gT
k+1dk∣

∥gk+1∥2
=

∣gT
k+1dk∣
∥gk∥2

.

,��¡, dr Wolfe Ú�5K

f(x k + αdk) ⩽ f(x k) + σ1αg
T
k dk,

∣∇f(x k + αdk)Tdk∣ ⩽ σ2∣gT
k dk∣

Ù¥, 0 < σ1 < σ2 < 1, 9 gT
k dk < 0�,

∣gT
k+1dk∣ ⩽ σ2 ∣gT

k dk∣ .

l
,

∣
gT
k+1dk+1

∥gk+1∥2
+ 1∣ ⩽ σ2

∣gT
k dk∣

∥gk∥2
.

�n�

−1 + σ2

gT
k dk

∥gk∥2
⩽
gT
k+1dk+1

∥gk+1∥2
⩽ −1 − σ2

gT
k dk

∥gk∥2
.

d(Ø

− 1

1 − σ2

⩽
gT
k dk

∥gk∥2

�

− 1

1 − σ2

⩽
gT
k+1dk+1

∥gk+1∥2
⩽ 2σ2 − 1

1 − σ2

.

ù`², (Øék + 1¤á. y.
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1. �A ∈ Rm1×n,B ∈ Rm2×n,b ∈ Rm1 . Áy²�5���¦¯K

min
x∈Rn

∥(A
B

)x − (b
0
)∥

2

��`)÷v�§

( I A

AT −BTB
)(y

x
) = (b

0
) .

): dÃ�å`z¯K��`5^�, �5���¦¯K��`)÷v

∇x ∥(A
B

)x − (b
0
)∥

2

= (AT BT) [(A
B

)x − (b
0
)] = 0.

�n�

ATb = (ATA +BTB)x .

,��¡, �5�§|

( I A

AT −BTB
)(y

x
) = (b

0
)

�duXe�§|¯K

{y +Ax = b,

ATy −BTBx = 0.


T�§|'ux�)÷v

ATb = (ATA +BTB)x .

(Üc�(Ø�y. y.

2. é��5���¦¯K

min
x∈Rn

f(x) = 1

2
r(x)Tr(x) = 1

2

m

∑
i=1

r2
i (x)

�é?¿�x ∈ Rn, �þ�¼êr(x)�JacobiÝ
J (x)�÷�. K

lim
µ→0

dLM(µ) = dGN, lim
µ→∞

dLM(µ)
∥dLM(µ)∥

= d s

∥d s∥
,

25
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Ù¥, d s�8I¼ê3x:���eü��.

): é��5���¦¯K, 8I¼ê�FÝ�

g(x) = ∇(1

2
r(x)Tr(x)) = J (x)Tr(x).

8I¼ê�L-M���

dLM = −(J (x)TJ (x) + µI )−1
J (x)Tr(x).

w,,

lim
µ→0

dLM(µ) = −(J (x)TJ (x))−1
J (x)Tr(x) = dGN.

e?Øµ→∞��¹.

é?¿uÑ�∞��ê�{µk}, ê�{ d(µk)
∥d(µk)∥

}k.. �kÂñf�, Ø���

Ù��, ={ d(µk)
∥d(µk)∥

}Âñ.

dd(µk)�½Â,

d(µk) = − (J (x)TJ (x) + µI )−1J (x)Tr(x)

= − (J (x)TJ (x) + µI )−1g(x k).

¤±,

− g(x)
∥g(x)∥

= (J (x)TJ (x) + µkI )d(µk)
∥(J (x)TJ (x) + µkI )d(µk)∥

=
J (x)TJ (x) d(µk)

µk∥d(µk)∥
+ d(µk)

∥d(µk)∥

∥J (x)TJ (x) d(µk)
µk∥d(µk)∥

+ d(µk)
∥d(µk)∥

∥
.

-k →∞�

lim
k→∞

d(µk)
∥d(µk)∥

= − g(x)
∥g(x)∥

.

(Ü(7.2.12)�,

lim
k→∞

⟨ −g(x)
∥g(x)∥

,
d(µk)

∥d(µk)∥
⟩ = 1.

ù`², 3µk →∞�, LM��Âñ�T:���eü��. y.

3. �A ∈ Rm×n,b ∈ Rm, µ1 > µ2 > 0, ¿�x 1,x 2©O´�§

(ATA + µI )x = −ATb
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3µ�µ1, µ2��), K∥Ax 2 + b∥2 < ∥Ax 1 + b∥2.

): �ÄXeà`z¯K

min
x∈Rn

∥Ax + b∥2 + µ∥x∥2

Ù�`)÷v

(ATA + µI )x = −ATb.

Kéµ = µ1, µ2��`)x 1, x 2, d�`)�½Â�

∥Ax 1 + b∥2 + µ1∥x 1∥2 ⩽ ∥Ax 2 + b∥2 + µ1∥x 2∥2,

∥Ax 2 + b∥2 + µ2∥x 2∥2 ⩽ ∥Ax 1 + b∥2 + µ2∥x 1∥2.

c�ª¦±µ2, ��ª¦±µ1, ¿òüª�\�

(µ1 − µ2)∥Ax 2 + b∥2 ⩽ (µ1 − µ2)∥Ax 1 + b∥2.

dµ1 > µ2�,

∥Ax 2 + b∥2 ⩽ ∥Ax 1 + b∥2.

(Ø�y. y.
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1. �f, g ∶ Rn → R�à¼ê, fëY��. Ké?¿�L > 0,y ∈ RnÚ

x+ = arg min
x∈Rn

⟨∇f(y),x − y⟩ + L
2
∥x − y∥2 + g(x),

e

f(x+) ⩽ f(y) + ⟨∇f(y),x+ − y⟩ + L
2
∥x+ − y∥2,

K

f(x) + g(x) ⩾ f(x+) + g(x+) + L
2
∥x+ − y∥2 +L⟨y − x ,x+ − y⟩, ∀x ∈ Rn.

): dx+ = arg minx∈Rn⟨∇f(y),x − y⟩ + L
2 ∥x − y∥2 + g(x)�,

∇f(y) +L(x+ − y) + ξ2(x+) = 0, ξ2 ∈ ∂g(x+).

¤±, é?¿�x ∈ Rn, df(x+) ⩽ f(y) + ⟨∇f(y),x+ − y⟩ + L
2 ∥x+ − y∥2�,

f(x) − f(x+) ⩾ f(x) − f(y) − ⟨∇f(y),x+ − y⟩ − L
2
∥x+ − y∥2 − g(x+)

= f(x) + g(x) − f(y) − ⟨∇f(y),x − y⟩ − ⟨∇f(y),x+ − x ⟩ − L
2
∥x+ − y∥2 − g(x+)

⩾ g(x) − g(x+) − ⟨∇f(y),x+ − x ⟩ − L
2
∥x+ − y∥2

= g(x) − g(x+) + ⟨L(x+ − y) + ξ2(x+),x+ − x ⟩ − L
2
∥x+ − y∥2

= g(x) − g(x+) +L⟨x+ − y ,x+ − x ⟩ − ⟨ξ2(x+),x − x+⟩ − L
2
∥x+ − y∥2

⩾ L⟨x+ − y ,y − x ⟩ + L
2
∥x+ − y∥2

y.

28
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SK

1. ^�O4�z�{¦eã`z¯K��`)

min
x>0,y⩾0

f(x, y) = 10

x
+ (x − y)2

2x
+ 3y2

2x

): é?¿�x > 0, O�'uy�`z¯K. d�, |^8I¼ê'uy�à¼

ê�S�`z¯K'uy��`�:y = 2
5x. ù�þã`z¯Kz�

min f(x) = 10

x
+ 18x

25

T`z¯K'ux�à¼ê. -Ù'ux��ê�"�x = 5
3

√
5. �A/, y = 2

5x =
2
3

√
5. y.

29
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SK

1. �x ∗�eã`z¯K��`)

min{f(x) ∣ l ⩽ x ⩽ u},

Ù¥, f ∶ Rn → RëY��, �þl ,u ∈ Rn ÷vl ⩽ u . Áy²

∂fi(x ∗)
∂x i

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⩾ 0, x ∗
i = l i,

⩽ 0, x ∗
i = u i,

0, l i < x ∗
i < u i.

): �x ∗�à�å`z¯K

min{f(x) ∣ l ⩽ x ⩽ u},

��`), Kx ∗�T`z¯K�­½:, =

⟨∇f(x ∗),x − x ∗⟩ ⩾ 0, ∀x ∈ Ω.

dd, é?¿�i = 1,2,⋯, n,

∇if(x ∗)(x i − x ∗
i ) ⩾ 0 ∀ l i ⩽ x i ⩽ u i.

w,, ex ∗
i = l i, Ké?¿�l i ⩽ x i ⩽ u i, þkx i − x ∗

i ⩾ 0. l

∂fi(x ∗)
∂x i

⩾ 0.

ex ∗
i = u i, Ké?¿�l i ⩽ x i ⩽ u i, þkx i − x ∗

i ⩽ 0. l

∂fi(x ∗)
∂x i

⩽ 0.

el i ⩽ x ∗
i ⩽ u i, ©O�x i = l iÚx i = u i�,

∂fi(x ∗)
∂x i

= 0. y.

2. �A ∈ Rm×n, b ∈ Rm. Á�Ñeã�1�:��1��¤÷v�^�.

Ω1 = {x ∈ Rn ∣ Ax = b,x ⩾ 0};

Ω2 = {x ∈ Rn ∣ Ax ⩾ b, x ⩾ 0}.

): �â½Â, Ω1 ��1�� d ÷v

{A(x + αd) = b,

x + αd ⩾ 0.

Ù¥α > 0¿©�.

30
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dux ∈ Ω, =÷v

Ax = b, x ⩾ 0.

¤±x:��1��÷v

Ad = 0.

?�Ú, x i = 0, K d i ⩾ 0; e x i > 0, Kd i ∈ R.

nþ, �1:x ∈ Ω1 ��1��d÷v

{Ad = 0

d i ⩾ 0, ex i = 0.

éx ∈ Ω2 = {x ∈ Rn ∣ Ax ⩾ b, x ⩾ 0}. P

A =

⎛
⎜⎜⎜⎜
⎝

aT
1

aT
2

⋮
aT
m

⎞
⎟⎟⎟⎟
⎠

.

K

Ax ⩾ b ⇐⇒ aT
i x ⩾ b i, i = 1,2,⋯,m.

dd, ex ∈ Ω2÷vaT
i x = b i, K�1��d÷vaT

i d ⩾ 0; e÷vaT
i x > b i, K�

1��dØÉ�å.

aq/, ex ∈ Ω2÷vx i = 0, K�1��d ⩾ 0; ÄK, �1��dØÉ�å.

nþ, �1:x ∈ Ω1 ��1��d÷v

{a
T
i d ⩾ 0,eaT

i x = b i,

d i ⩾ 0, ex i = 0.

3. �f ∶ Rn → RëY��, x 0 ∈ Rn, K�Rn���f�m. ex ∗ ∈ Rn�eã`z

¯K��`)

min{f(x) ∣ x ∈ x 0 +K}

K∇f(x ∗)�f�mK��, �Ò´

⟨∇f(x ∗),y⟩ = 0, ∀ y ∈ K.

): d

x ∗ = arg min{f(x) ∣ x ∈ x 0 +K}
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�

⟨∇f(x ∗),x − x ∗⟩ ⩾ 0, ∀ x ∈ x 0 +K.

dux ∗ ∈ x 0 +K, ¤±�3y∗ ∈ K, ¦�

⟨∇f(x ∗), ȳ − y∗⟩ ⩾ 0, ∀ ȳ ∈ K.

duK ⊂ Rn�f�m, �©O�ȳ = y + y∗,−y + y∗�,

⟨∇f(x ∗),y⟩ = 0, ∀y ∈ K.

dd�(Ø.

4. �A = (aij)n×né¡. y²Xe`z¯K

min
µ∈R,x∈Rn

∥A − µxxT∥2
F =

n

∑
i,j=1

(aij − µx ix j)2

s.t. xTx = 1

��`)�A3ýé�¿Âe���A��9ÙéA�A��þ.

): w,, 8I¼ê

∥A − µxxT∥2

F
= ∥A∥2

F − 2µ ⟨A,xxT⟩ + µ ∥xxT∥2

F

= ∥A∥2
F − 2µxTAx + µ∥x∥4.

��`z¯K�Lagrange ¼ê�

L(µ,x , λ) = ∥A∥2
F − 2µxTAx + µ2∥x∥4 − λ(xTx − 1).

dd, �`z¯K����`5^�(KKT^�)�

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∇µL(µ,x , λ) = −2xTAx + 2µ∥x∥4 = 0,

∇xL(µ,x , λ) = −4µAx + 4µ2∥x∥2x − 2λx = 0,

xTx = 1⇔ ∥x∥2 = 1.

Ù¥, ∇x∥x∥4 = ∇x (∥x∥2∥x∥2) = 2x∥x∥2 + ∥x∥22x = 4∥x∥2x . �n�,

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−2xTAx + 2µ = 0,

−4µAx + (4µ2 − 2λ)x = 0,

∥x∥2 = 1.
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?�Úk,
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

λ = 0,

µ = xTAx ,

µ (µx −Ax) = 0.

eµ ≠ 0, Kµx =Ax , = (µ,x) �Ý
A �A�é. Kd

∥A − µxxT∥2

F
= ∥A∥2

F − 2xTAx + µ∥x∥4

= ∥A∥2
F − 2µxTµx + µ∥x∥4

= ∥A∥2
F − µ2

¤±,�¦8I¼ê�����, µ�Ý
A�ýé�¿Âe���A��.∣λmax(A)∣

L« A 3ýé�¿Âe���A��.

,��¡, du

∥A∥2
F − µ2 ≤ ∥A∥2

F = ∥A − 0xxT∥2

F
,

Ïd, µ = 0�½Ø´�`z¯K��`). dd�·K(Ø. y.

5. �a ,c ∈ Rn, b > 0. Keã`z¯K

min f(x) =
n

∑
i=1

ci
x i

s.t. aTx = b
x ⩾ 0

��`��f∗ = 1
b (

n

∑
i=1

(a ici)1/2)
2

.

): T¯K� Lagrange ¼ê�

L(x , λ, µ) =
n

∑
i=1

ci
x i

− λ(
n

∑
i=1

a ix i − b) − µTx .

��`5^�

⎧⎪⎪⎪⎨⎪⎪⎪⎩

∇x i
L(x , λ, µ) = − ci

x2
i
− λa i − µix i = 0, i = 1,2,⋯, n,

n

∑
i=1

a ix i = b; µTx = 0, x ≥ 0, µ ≥ 0.

d8I¼ê� x ∗
i > 0, i = 1,2,⋯, n. ¤±µ∗ = 0. dd

ci
x ∗
i

= −λ∗a ix ∗
i , i = 1,2,⋯, n.
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¤±,
n

∑
i=1

ci
x ∗
i

= −λ∗
n

∑
i=1

a ix
∗
i = −λ∗b.

?
k

λ∗ = −f(x
∗)
b

= −f
∗

b
.

,��¡, dKKT^��1�ª

ci
x ∗2
i

= −λ∗a i, i = 1,2,⋯, n.

¤±,

ci
x ∗
i

=
√
−λ∗a ici =

√
f∗

b

√
a ici, i = 1,2,⋯, n.

dd,

f∗ =
n

∑
i=1

ci
x ∗
i

=
√

f∗

b

n

∑
i=1

√
a ici,

)��

f∗ = 1

b
[
n

∑
i=1

(a ici)1/2]
2

.

(Ø�y. y.

6. �Ñeã`z¯K

min (x 1 −
2

3
)2 + (x 2 − 2)2

s.t. −x 2
1 + x 2 ⩾ 0

x 1 + x 2 ⩽ 6

x 1,x 2 ⩾ 0

�KKT^�, ¿�y(2/3; 2)�T`z¯K����Û�`�:.

): N´�y,T`z¯K�î�à5y¯K.�ÙKKT:�Ù�Û�`�:.

T`z¯K�KKT^��

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2(x 1 −
2

3
) + 2λ1x 1 + λ2 − µ1 = 0

2(x 2 − 2) − λ1 + λ2 − µ2 = 0

−x 2
1 + x 2 ⩾ 0, λ1 ⩾ 0, λ1(−x 2

1 + x 2) = 0

x 1 + x 2 − 6 ⩽ 0, λ2 ⩾ 0, λ2(x 1 + x 2 − 6) = 0

x 1 ⩾ 0, µ1 ⩾ 0, µ1x 1 = 0

x 2 ⩾ 0, µ2 ⩾ 0, µ2x 2 = 0
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N´�y, x = (2/3; 2), λ1 = λ2 = 0, µ1 = µ2 = 0�þãXÚ�). �dà5y¯K

��`5^��, (2/3; 2)�T`z¯K����Û�`�:.

7. �Ý
A ∈ Rn×n. éÃ�å`z¯K

min
x∈Rn

1

2
xTx − ∥Ax∥

/Ï2-�ê�d^�

∥u∥ = max{uTv ∣ ∥v∥ ⩽ 1},

§�z�Xe�å`z¯K

min
1

2
xTx − yTAx

s.t. yTy ⩽ 1

Á/ÏKKT^��Ñ�`z¯K��`)Ú�`�.

): du�1��ü ¥, ��å`z¯K

min
1

2
xTx − yTAx

s.t. yTy ⩽ 1

÷vM-F�å5�. l
éÙ�`)(x ,y), �3Lagrange¦fλ ⩾ 0¦�

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

x =ATy

Ax = λy
yTy ⩽ 1

du(x ,y)�`z¯K��`), �

yTAx = yTAATy

����. ù`²�`)y∗�Ý
AAT���A��éA�A��þ. l
, �¯

K��`)�x ∗ =ATy∗.

�¯K��`��

1

2
xTx − yTAx = 1

2
yTAATy − yTAATy = −1

2
yTAATy = −1

2
λmax(AAT).

8. én�¢é¡
A,B , Áy²eã(Ø�d.

(1) é?¿��"�þx ∈ Rn, max{xTAx ,xTBx} ⩾ 0(> 0);

(2) �3�K~êλÚµ÷vλ + µ = 1¦�λA + µB��½(�½).
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): �Ä`z¯K
min t

s.t. t − xTAx ⩾ 0

t − xTBx ⩾ 0

xTx ⩾ 1

w,, (1)¤á,=max{xTAx ,xTBx} ⩾ 0�¿©7�^�´T`z¯K��`�t∗ ⩾

0, 
(1)Ø¤á�¿�^�´T`z¯K��`�t∗ = −∞.

T`z¯K�Lagrangeéó5y�

max
µ⩾0

min
t,x

L(t, µ1, µ2, µ3) = max
µ⩾0

min
t,x

{t − µ1(t − xTAx) − µ2(t − xTBx) − µ3x
Tx}

= max
µ⩾0

min
t,x

{t − µ1t − µ2t + xT(µ1A + µ2B − µ3I )x}

�¦S�`z¯K��������, ëêµI÷v

{1 − µ1 − µ2 = 0

µ1A + µ2B − µ3I��½.

l
|^S�`z¯K�KKT^��òéó5y¯K�¤

maxµ⩾0 0

s.t. 1 − µ1 − µ2 = 0

µ1A + µ2B − µ3I��½.

dféó½n, �¯Kk)�¿©7�^�´éó¯K�N, =�3µ1, µ2 ⩾ 0, µ1 +

µ2 = 1¦�µ1A1 + µ2A2��½. y.

9. �a ∈ Rn
+. ¦eã`z¯K��`)

max min
1⩽i⩽n

x i

s.t. aTx ⩽ 1

): Ø���þa�cm����". K

max min
1⩽i⩽n

x i

s.t. aTx ⩽ 1
⇔

max min
1⩽i⩽m

x i

s.t. aTx ⩽ 1

é�ö, dux = 0�Ù�1), ��`��", �þã`z¯K��`)�K.

?�Ú, éT`z¯K, Ø�ª�å��Ò.

éT`z¯K,·�`Ù�`)¤k�©þÑ��. ÄK,Ø��x 1 > x 2 ⩾ x 3 ⩾

⋯ ⩾ xm−1 > xm ⩾ 0�T`z¯K��`). w,, Ù�`��xm.
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½Â�þx ′Xe,
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

x ′
1 = x 2

x ′
i = x i, 2 ⩽ i ⩽m − 1,

x ′
m = xm + a1(x 1 − x 2)/am

Kx ′E�T`z¯K��1), 
�`��x ′
m = xm + a1(x 1 − x 2)/am > xm. ù�b

�gñ. ¤±, T`z¯K�`)�¤k©þÑ��. dd, T`z¯Kz�

max x

s.t. x
m

∑
i=1

a i = 1

N´wÑ, Ù�`)�x∗ = 1/
m

∑
i=1

a i.

dd, �`z¯K
max min

1⩽i⩽n
x i

s.t. aTx ⩽ 1

��`)�
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

x ∗
i = 1/

m

∑
i=1

a i,ea i > 0,

x ∗
i > 1/

m

∑
i=1

a i,ea i = 0.

�`��1/
m

∑
i=1

a i. y.

10. �A ∈ Rm×n, b ∈ Rn. Á�Ñeã�g5y¯K�Lagrangeéó.

min ∥x − b∥2 s.t. Ax = 0

): T`z¯K� Lagrange ¼ê�

L(x , λ) = ∥x − b∥2 − λTAx , λ ∈ Rm, x ∈ Rn.

§'ux�à¼ê.

e¦Ù'ux����). éd, -

∇xL(x , λ) = 2(x − b) −ATλ = 0

�

x = 1

2
ATλ + b.
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l


θ(λ) =∥1

2
ATλ + b − b∥2 − λTA(1

2
ATλ + b)

= − 1

4
∥ATλ∥2 − λTAb,

dd, `z¯K�Lagrange éó�

max
λ∈Rm

−1

4
∥ATλ∥2 − λTAb. y.

11. �Ý
A ∈ Rm×n1÷�, c ∈ Rn�", �AT(AAT)−1Ac − c ≠ 0. ¦eã`z

¯K��`)Ú�`�

min cTx s.t. Ax = 0,xTx ⩽ 1

): w,T¯Kà� x = 0 ÷v Slater ^�. l
dÙKKT ^�

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

c −ATλ + 2µx = 0,

Ax = 0, xTx ⩽ 1,

µ(1 − xTx) = 0, µ ⩾ 0.

1�ª�¦A, Kd1�ª�

λ = (AAT)−1
Ac.

l


µx = ATλ − c

2
.

2dµ = µxTx�

µ2 = (µx)T(µx).

l


µ = ∥µx∥2 =
∥ATλ − c∥2

2
=

∥AT (AAT)−1
Ac − c∥2

2
.

ù�,

x = ATλ − c

2µ
=

AT (AAT)−1
Ac − c

∥AT (AAT)−1
Ac − c∥2

.

l
�`�� cTx = −2µxTx = −2µ = −∥AT (AAT)−1
Ac − c∥2. y.
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12. ïáeã`z¯K�Lagrangeéó5y

min x 2
1 + x 2

2

s.t. x 1 + x 2 ⩾ 4

x 1,x 2 ⩾ 0

�yéó5y¯K�8I¼ê�θ(u) = −u2/2 − 4u, ¿�éómY�".

): éT`z¯K, du

x 2
1 + x 2

2 ⩾
(x 1 + x 2)2

2
⩾ 42

2
= 8,

�x 1 = x 2 = 2�, þª��Ò, ¤±T`z¯K��`)� x 1 = x 2 = 2, �`�� 8.

ÄuT`z¯K�Lagrange¼ê

L(x , µ) = x 2
1 + x 2

2 − µ (x 1 + x 2 − 4)

��ÙLagrangeéó¼ê

θ(µ) = inf {L(x , µ) ∣ x 1,x 2 ⩾ 0} , µ ⩾ 0.

du
L(x , µ) = x 2

1 + x 2
2 − µ (x 1 + x 2 − 4) ,

= (x 1 −
µ

2
)

2

+ (x 2 −
µ

2
)

2

− µ
2

2
+ 4µ,

⩾ − µ
2

2
+ 4µ,

��Ò¤á�^�´ x 1 = x 2 = µ/2 ⩾ 0, ¤±T`z¯K�Lagrangeéó¼ê�

θ(µ) = −µ
2

2
+ 4µ = −1

2
(µ − 4)2 + 8, µ ⩾ 0.

l
T`z¯K�Lagrange éó�

max
µ≥0

−1

2
(µ − 4)2 + 8

w,, T`z¯K��`)�4, �`��8. (Ü�`z¯K�?Ø�, éóm

Y�". y.
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13. �f ∶ Rn → R�ëY���à¼ê, Θ ⊂ Rn���4à8. Áy²`z¯

Kmin
x∈Θ

{f(x) ∣ Ax = b}�Q:÷vXeC©Ø�ª¯K, =¦w∗ ∈ W¦÷v

F(w∗)T(w −w∗) ⩾ 0, ∀w ∈ W,

Ù¥,

w = (x
λ
) , F (w) = (∇f(x) −ATλ

Ax − b
) , W = Θ ×Rm.

): �(x ∗,λ∗)�`z¯K(14.4.4)�Lagrange¼ê�Q:, =÷v

L(x ∗;λ) ⩽ L(x ∗;λ∗) ⩽ L(x ;λ∗), ∀ x ∈ Ω, λ ∈ Rn,

Ù¥

L(x ;λ) = f(x) −λT(Ax − b).

dQ:^����ª,

x ∗ = arg min
x∈Θ

L(x ;λ∗)

dΘ�4à8, l
d­½:^��, x ∗÷v

∇xL(x ;λ∗)T(x − x ∗) = (∇f(x ∗) −ATλ)T(x − x ∗) ⩾ 0, ∀ x ∈ Θ.

dQ:^��c�ª,

λ∗ = arg min
λ∈Rm

L(x ∗;λ)

2d­½:^��

∇λL(x ∗;λ∗)T(λ −λ∗) = (ATx ∗ − b)T(λ −λ∗) ⩾ 0, ∀ λ ∈ Rm.

üª(Ü�·K(Ø. y.

14. �a ∈ Rn. Á^KKT^�¦eã`z¯K��`)Ú�`�

min{
n

∑
i=1

a2
i

x i
∣ eTx ⩽ 1, x > 0}

): w,, T`z¯K�du

min{
n

∑
i=1

a2
i

x i
∣ eTx = 1, x > 0}, a ⩾ 0.
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|^KKT^�
⎧⎪⎪⎪⎨⎪⎪⎪⎩

a2
i

x2
i
= µ, i = 1,2,⋯, n

n

∑
i=1

x i = 1

�1�ª�a i�x i¤�½'~, i = 1,2,⋯, n. |^1�ª�x = a
∥a∥1 . �\��`

�∥a∥2
1.

15. �a ,x 0 ∈ Rn, ρ > 0, Ý
Gé¡�½. Á/ÏLagrangeéó¦)Xe`z¯

K
min aTx

s.t. (x − x 0)TG(x − x 0) ⩽ ρ

): T`z¯K�Lagrange¼ê�

L(x , λ) = aTx + λ(x − x 0)TG(x − x 0) − λρ, λ ⩾ 0.

Ùéó5y�

max
λ⩾0

min
x
L(x , λ).

duGé¡�½, �S�`z�à`z¯K, Ù'ux��`�:÷v

a + 2λG(x − x 0) = 0.

dd�

x = x 0 −
1

2λ
G−1a .

�\Lagrange¼ê�éó5y

max
λ⩾0

aTx 0 −
1

4λ
aTG−1a − λρ

=

min
λ⩾0

1

4λ
aTG−1a + λρ − aTx 0

Ó�, 8I¼ê'uλ ⩾ 0�à¼ê, �Ù�`�:÷v

− 1

4λ2
aTG−1a + ρ = 0.

l
, éó5y¯K��`)�

λ =

¿
ÁÁÀaTG−1a

4ρ
.
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du�5y¯K�à5y¯K, �réó½n¤á. l
�5y¯K��`)

�

x ∗ = x 0 −
√

ρ

aTG−1a
G−1a .

?�Ú, T`z¯K��`��

aTx ∗ = aT(x 0 −
√

ρ

aTG−1a
G−1a)

= aTx 0 −
√
ρaTG−1a .

16. éÃ�å`z¯K

min
x∈Rn

1

2
∥Ax − b∥2 + λ∥x∥1

Ú\Cþy = x , ��å`z¯K

min 1
2∥Ax − b∥2 + λ∥y∥1

s.t. y − x = 0

Á/Ï�ö�éó�Ñ�5y¯K���´u¦)�=z/ª.

): T¯K�Lagrangeéó�

max
z ∈Rn

min
x ,y∈Rn

L(x ,y ,z )

Ù¥§

L(x ,y ,z ) = 1

2
∥Ax − b∥2 + λ∥y∥1 + zT(x − y).

duS�`z¯K�8I¼ê'ux ,y�©l, ¤±S�`z¯K��¤

min
x∈Rn

(1

2
∥Ax − b∥2 + zTx) +min

y∈Rn
(λ∥y∥1 − zTy)

éc�`z¯K, du8I¼ê�à¼ê, �d���`5^��

x ∗ = (ATA)−1(ATb − z ).


é��`z¯K, |^8I¼ê��©l5�

min
y∈Rn

λ∣y ∣1 − zTy =
⎧⎪⎪⎨⎪⎪⎩

0, e∥z ∥∞ ⩽ λ,
−∞, e∥z ∥∞ > λ.
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ù�, éó¯K��¤

max
z ∈Rn

min
x ,y∈Rn

L(x ,y ,z )

= max
∥z∥∞⩽λ

1

2
∥A(ATA)−1(ATb − z ) − b∥2 + zT(ATA)−1(ATb − z )

= max
∥z∥∞⩽λ

−1

2
zT(ATA)−1z + zT(ATA)−1ATb

= min
∥z∥∞⩽λ

1

2
zT(ATA)−1z − zT(ATA)−1ATb

du�¯K��5�å�à`z¯K, ¤±réó½n¤á. ù�, ��1w

`z¯KÒ�d/z���{ü�å�1w`z¯K.
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SK

1. �a ,x 0 ∈ Rn. ÁO�eã�g5y¯K��`)

min ∥x − x 0∥2

s.t. aTx = 0

): dT`z¯K�KKT^�

{2(x − x 0) − λa = 0,

aTx = 0.

)��
⎧⎪⎪⎨⎪⎪⎩

λ∗ = −2aTx0

∥a∥2 ,

x ∗ = x 0 − aTx0

∥a∥2 a .

duT5y�à5y, ¤±x ∗ ��`). y.

2. �a > b > 0,

G =

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

a b b ⋯ b

b a b ⋯ b

⋮ ⋮ ⋮ ⋱ ⋮

b b b ⋯ a

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

.

y²Xe�g5y¯K

min
x>0

1

2
xTGx + ceTx

s.t.
n−1

∑
i=1
xi < d,

n

∑
i=1
xi ⩾ d

�`)�¤k©þÑ��.

): N´O�, Ý
G�1�ª

∣G ∣ = [a + (n − 1)b](a − b)n−1.

dd, Ý
G�¤k^SÌfªÑ�u". �Ý
G�½.

^�y{y². �x ∈ Rn�T�g5y��`), �Ù©þØ��Ó, Ø�

�x1 ≠ x2. dK�, 8I¼ê��`�

f(x) = 1

2
xTGx + ceTx = 1

2
a

n

∑
i=1

x2
i + b

n

∑
i,j=1
i≠j

xixj + c
n

∑
i=1

xi

44
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-x̄1 = x̄2 = x1+x2
2 . Kx̄ = (x̄1; x̄2;x3;⋯;xn)�T¯K��1), éA�8I¼ê�

�

f(x̄) = 1

2
x̄TGx̄ + ceTx̄ = 1

2
a

n

∑
i=1

x̄2
i + b

n

∑
i,j=1
i≠j

x̄ix̄j + c
n

∑
i=1

x̄i.

Kdx̄1 = x̄2 = x1+x2
2 �,

f(x) − f(x̄) = (1

2
a

n

∑
i=1

x2
i + b

n

∑
i,j=1
i≠j

xixj + c
n

∑
i=1

xi) − (1

2
a

n

∑
i=1

x̄2
i + b

n

∑
i,j=1
i≠j

x̄ix̄j + c
n

∑
i=1

x̄i)

= [1

2
a(x2

1 + x2
2) + bx1x2 + b(x1 + x2)

n

∑
i=3

xi + c(x1 + x2)]

− [1

2
a(x̄2

1 + x̄2
2) + bx̄1x̄2 + b(x̄1 + x̄2)

n

∑
i=3

xi + c(x̄1 + x̄2)]

= [1

2
a(x1 + x2)2 + (b − a)x1x2] − [1

2
a(x̄1 + x̄2)2 + (b − a)x̄1x̄2]

= (b − a)(x1x2 − x̄2
1)

= (b − a)[x1x2 − (x1 + x2

2
)2]

= (a − b)(x1 − x2)2

4
> 0.

ù�x�`z¯K��`)gñ. b�Ø¤á. �T`z¯K��`)�¤k©þ

Ñ��.

3. �σ1 > σ2 > ⋯ > σr > 0, s < r. ¦eã�g5y¯K��`)

max
r

∑
i=1

s

∑
j=1
σix2

ij

s.t.
s

∑
j=1
xij ⩽ 1, i = 1,2,⋯, r

r

∑
i=1
xij ⩽ 1, j = 1,2,⋯, s

xij ⩾ 0, i = 1,2,⋯, r, j = 1,2,⋯, s

): ½ÂÝ


X =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

x11 x12 ⋯ x1s

x21 x22 ⋯ x2s

⋮ ⋮ ⋮ ⋮
xs1 xs2 ⋯ xss
⋮ ⋮ ⋮ ⋮
xr1 xr2 ⋯ xrs

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.
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Kþã`z¯K�8I¼ê�L«¤XeÝ
¤k���Ú

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

σ1x2
11 σ1x2

12 ⋯ σ1x2
1r

σ2x2
21 σ2x2

22 ⋯ σ2x2
2s

⋮ ⋮ ⋮ ⋮
σsx2

s1 σsx2
s2 ⋯ σsx2

ss

⋮ ⋮ ⋮ ⋮
σrx2

r1 σrx2
r2 ⋯ σrx2

rs

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

dué?¿�x ∈ (0,1), 1 > x > x2 > 0, 9σ1 > σ2 > ⋯ > σr > 0, �¦8I

¼ê
r

∑
i=1

s

∑
j=1
σix2

ij�����, x1j, x1j,⋯, xrjA�g�¦�U�C1��. �Ä��å^

�
s

∑
j=1
xij ⩽ 1, i = 1,2,⋯, r, Ú

r

∑
i=1
xij ⩽ 1, j = 1,2,⋯, s, T`z¯K��`)�

xij = {1, i = j ⩽ r,
0,ÄK.

4. �Ý
Gé¡�½, dk�Xe�g5y

min Q(x k + αdk) =
1

2
(x k + d)TG(x k + d) + gT(x k + d)

s.t. aT
i d = 0, i ∈ Sk

��`). y²: Q(x k + αdk)'uα ∈ [0,1]î�üN4~.

): �âK�, Q(x k +αdk)�'uα ∈ R�î�à�g¼ê,�α = 1�T�g¼

ê����:. d�g¼ê�5�, Q(x k+αdk)'uα ⩽ 1î�üN4~,'uα ⩾ 1î

�üN4O. ·K(Ø�y.
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SK

1. �x̄�eãëY���å`z¯K

min{f(x) ∣ ci(x) ⩽ 0, i ∈ I}

��1:, ¿�(z̄, d̄)�eã�55yf¯K��`)

min z
s.t. ∇f(x̄)Td − z ⩽ 0

∇ci(x̄)Td − z ⩽ 0, i ∈ I(x̄)
−1 ⩽ d j ⩽ 1, j = 1,2,⋯, n

y²: XJz = 0, Kx̄��5y¯K�FJ:.

): �55yf¯K

min z
s.t. ∇f(x̄)Td − z ⩽ 0

∇ci(x̄)Td − z ⩽ 0, i ∈ I(x̄)
−1 ⩽ d j ⩽ 1, j = 1,2,⋯, n

��`��"��=�XÚ

dT∇f(x̄) < 0, dT∇ci(x̄) > 0, i ∈ I(x̄)

Ã). dGordan½n

�A ∈ Rn×m, KeãüXÚTk��k).

(1) ATx < 0;

(2) Ay = 0, y ≩ 0,

��3�K�Ø��"�¦fλ¦�

λ0∇f(x̄) = ∑
i∈I(x̄)

λi∇ci(x̄).

-λi = 0, i ∈ I/I(x̄)�

⎧⎪⎪⎪⎨⎪⎪⎪⎩

λ0∇f(x̄) = ∑
i∈I
λi∇ci(x̄)

λi ⩾ 0, ci(x̄) ⩾ 0, λici(x̄) = 0, i ∈ I.
. y.

47
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2. �A ∈ Rm×n,b ∈ Rm. y²x 0 ∈ Rn�Ω = {x ∈ Rn ∣ Ax = b}þ�ÝK�eã'

uu �)

( I AT

A 0
)(u

v
) = (x 0

b
) .

): dÝK�½Â, x 0 ∈ Rn�Ω = {x ∈ Rn ∣ Ax = b}þ�ÝK�Xeà�g5

y¯K�)

min
1

2
∥x − x 0∥2

s.t. Ax = b

ÙKT^��

{x − x 0 = −ATλ

Ax = b.

�n�

{I x +ATλ = x 0

Ax + 0λ = b.

dd�·K(Ø.

3. �a ∈ Rn, y²:x ∈ Rn�4à8Ωþ�ÝK�Pa+Ω(x) = a + PΩ(x − a).

): �âÝK�½Â,

y = Pa+Ω(x) ⇐⇒ ⟨y − x ,z − y⟩ ⩾ 0, ∀ z − a ∈ Ω

⇐⇒ ⟨(y − a) − (x − a), (z − a) − (y − a)⟩ ⩾ 0, ∀ z − a ∈ Ω

⇐⇒ y − a = PΩ(x − a)

⇐⇒ y = a + PΩ(x − a).

4. �a ∈ Rn, b ∈ R. Áy²u ∈ Rn���m{x ∈ Rn ∣ aTx ⩾ b} þ�ÝK�

P (u) = u + max{0, b − aTu}
∥a∥2

a .

): dÝK�f�½Â, u ∈ Rn���m{x ∈ Rn ∣ aTx ⩾ b}�Xeî�à�g

5y¯K��`)

min
1

2
∥x − u∥2 = 1

2
∥x∥2 − xTu + 1

2
∥u∥2

s.t. aTx ⩾ b



49

d§11.3�?Ø, Ùéó5y¯K�

min
1

2
∥a∥2λ2 + (b − aTu)λ

s.t. λ ⩾ 0

w,, Ù�`)�

λ∗ = max{0,
(b − aTu)

∥a∥2
} = max{0, b − aTu}

∥a∥2
.

duréó½néT`z¯K?n, �d½n11.3.1�þã�g5y¯K��

`), =u ∈ Rn���m{x ∈ Rn ∣ aTx ⩾ b} þ�ÝK�

x ∗ = u + λ∗a = u + max{0, b − aTu}
∥a∥2

a .

5. �F ∶ Rn → Rn�ëYN�, Ω�Rn¥���4à8. é?¿�x ∈ RnÚα ∈

R,Pr(α) = x − PΩ(x − αF(x)). K

min{1, α}∥r(1)∥ ⩽ ∥r(α)∥ ⩽ max{1, α}∥r(1)∥.

): d5�12.5.2, ¼ê∥r(α)∥'uα ⩾ 0üNØ~. �

∥r(α)∥ =
⎧⎪⎪⎨⎪⎪⎩

⩾ ∥r(1)∥, α > 1

⩽ ∥r(1)∥, 0 < α < 1.

d5�12.5.3, ¼ê
∥r(α)∥
α
'uα ⩾ 0üNØO. �

∥r(α)∥
α

=
⎧⎪⎪⎨⎪⎪⎩

⩽ ∥r(1)∥, α > 1

⩾ ∥r(1)∥, 0 < α < 1.
Ô⇒ ∥r(α)∥ =

⎧⎪⎪⎨⎪⎪⎩

⩽ α∥r(1)∥, α > 1

⩾ α∥r(1)∥, 0 < α < 1.

üö(Ü�

min{1, α}∥r(1)∥ ⩽ ∥r(α)∥ ⩽ max{1, α}∥r(1)∥.

6. y²
⟨A, I ⟩
n

I�n�é¡
A3F-�ê¿Âe�Ý
f�m{X ∈ Sn×n ∣ X =

αI , α ∈ R}þ�ÝK.

): �âÝK�f�½Â, n�é¡
A�Ý
f�m{X ∈ Sn×n ∣ X = αI , α ∈

R}þ�ÝKY�Xeî�à�g5y¯K��`)

min
1

2
∥A − αI ∥2

F

s.t. α ⩾ 0
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w,,
1

2
∥A − αI ∥2

F = 1

2
∥A∥2

F − αtr(A) + n

2
α2

= 1

2
∥A∥2

F +
n

2
( − 2

n
αtr(A) + α2)

= 1

2
∥A∥2

F +
n

2
(α − 1

n
tr(A))

2

− 1

2n
tr2(A).

dd, þã`z¯K��`)�α∗ = 1
ntr(A). �A/, n�é¡
A�Ý
f�

m{X ∈ Sn×n ∣ X = αI , α ∈ R}þ�ÝKY� 1
ntr(A)I .

7. �a1,a2,⋯,am ∈ Rn, Ω�Rn¥�4à8. K`z¯K

min
m

∑
i=1

∥x − a i∥2

s.t. x ∈ Ω

��`)�
1

m

m

∑
i=1

a i�Ωþ�ÝK.

): �âÝK�f�½Â,
1

m

m

∑
i=1

a i�Ωþ�ÝK�Xeî�à�g5y¯K�

�`)

min ∥x − 1

m

m

∑
i=1

a i∥2

s.t. x ∈ Ω

Ù­½:^��

⟨x ∗ − 1

m

m

∑
i=1

a i,x − x ∗⟩ ⩾ 0, ∀x ∈ Ω.

î�à�g5y

min
m

∑
i=1

∥x − a i∥2

s.t. x ∈ Ω

�­½:^��

⟨mx ∗ −
m

∑
i=1

a i,x − x ∗⟩ ⩾ 0, ∀x ∈ Ω.

duî�à�g5y¯K�)�­½:�d, �(Ø¤á.


